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Abstract

We propose a method to calculate the temperature dependence of free energy caused by potential function changes by
Ž .combining l dynamics with a method to obtain the potential of mean force the weighted histogram analysis method in

which the free energy at any temperature can be evaluated from one or a few simulations. This method not only allows us to
obtain the temperature dependence of free energy but it also has a built-in estimate for sampling errors. The temperature
dependence of hydrophobic hydration at 208C–808C was successfully reproduced from two or four simulations. q 1998
Elsevier Science B.V. All rights reserved.

1. Introduction

The temperature dependence of free energy is of
great importance in the analysis of various molecular
phenomena, such as protein folding, intermolecular
binding, and hydrophobic hydration. For example,
the temperature dependence of hydrophobic free en-
ergy has characteristics of hydrophobic hydration
w x1,2 : that is, the hydrophobic effect becomes stronger
at higher temperatures. The temperature dependence
of free energy of protein folding gives us insights

w xinto the protein folding mechanism 2 .
Calculation of the temperature dependence of free

energy is usually done by performing independent
simulations at different temperatures, because the
previously proposed methods to calculate the free
energy were only for the simulation at constant

) Corresponding author.

w xtemperature 3–9 . However, the calculation of free
energy is very expensive, and therefore, simulations
at many temperatures are sometimes not practical. In
this paper, we propose a method to calculate the free
energy at any temperature from simulations at one or
a few temperatures. We focus on the free energy

Žcaused by potential function changes Such types of
free energy are called ‘‘l type’’ free energy in this
paper. l is the coupling parameter which represents

.the pathway to change the potential from A to B.
The l type free energy calculation is used for the

Žsolute-insertion process pure solvent ™ solute q
. w xsolvent , amino-acid mutation in proteins 10,11

Ž .e.g. alanine ™ glycine and so on.
Our method is an extension of the recently pro-

posed free-energy calculation method, namely l dy-
w xnamics 12 . Previous l dynamics calculation has

been restricted to a single temperature and it has not
been applied to calculating the temperature depen-
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dence of free energy. We extended this method to
calculate the temperature dependence of free energy.
In l dynamics, by extending the molecular coordi-
nates to include the coupling parameter l, l type
free energy calculation is transformed to a calcula-

Ž .tion of the potential of mean force PMF . PMF is
the free energy along the reaction coordinates de-
rived from molecular coordinates. Examples of reac-
tion coordinates are a dihedral angle, the length
between two atoms, and the gyration radius of a
given molecule. Recent developments in PMF meth-

w xods including the multicanonical algorithm 13–21
and the weighted histogram analysis method
Ž . w xWHAM 22–28 have provided the PMF at any
temperature from one or a few simulations. Previous
l dynamics only utilized the constant-temperature
PMF calculation and did not aim at the temperature
dependence of free energy. We combined the multi-
temperature facility of PMF methods with l dynam-
ics, which has enabled us to calculate the l type free
energy at any temperature from one or a few simula-
tions.

This paper is organized as follows: In Section 2,
we describe l dynamics and a multi-temperature
version of WHAM. In Section 3, as an application of
our method, the solvation of methane into water is
demonstrated and the utility of our method is dis-
cussed.

2. Methods

First, let us briefly review l dynamics. In l

dynamics, l is moved during simulation as well as
molecular coordinates R. In Monte Carlo simulation,
when attempts are made to move a molecular coordi-
nate, the coupling parameter is also changed. In
molecular dynamics simulation, the coupling param-
eter l is moved by the following equation of motion:

� 4EU R ,lŽ .
¨m lsy 1Ž .l El

Ž� 4.where U R,l is the potential function in state l,
and m is a pseudo weight of the coupling parameterl

l. m can be set to an arbitrary value because thel

momentum part in the partition function is analyti-
cally integrated in the canonical ensemble. Once the
coupling parameter l is considered to be one of the
molecular coordinates, the free energy difference D F

between ls0 and ls1 can be given in the PMF
form as,

D FsykT ln r 1 y ln r 0 2Ž . Ž . Ž .Ž .l l

Ž .where r l is the probability distribution of l, k isl

the Boltzmann constant, and T is the absolute tem-
perature. Only the probability distribution of l needs
to be calculated to obtain the free energy difference.

Various PMF methods can be used to calculate
Ž .r l . Recently, some methods which provide thel

PMF at any temperature from one or a few simula-
tions have been proposed. WHAM provides the best
possible estimate of PMF by combining the results
of multiple runs and it has a built-in estimate for
sampling errors. Previous l dynamics calculation
has also been combined with WHAM, but it is
limited to constant temperature simulation. The tem-
perature dependence of free energy was not aimed at
in the work. We propose a method to calculate the
temperature dependence of free energy caused by
potential function changes, by combining the multi-
temperature facility of WHAM with l dynamics.

A multi-temperature version of WHAM is de-
scribed below. Refer the Kumar et al. for the detail
w x22 .

Consider R simulations with the ith simulation
carried out at temperature T s1rkb with the con-i i

cŽ .straint potential E l , which limits the distributioni
w xof l within the range 0,1 . Let the number of

sampling configurations from the ith simulation be
Ž .n . Then obtain histogram N E,l at energy E andi i

coupling parameter l from the configurations. Then
Ž .the probability histogram P b , E,l is given by

P b , E,lŽ .
R

N E,l rgŽ .Ý i i
is R

cn exp bEyb Eyb E l r Z gŽ . Ž .Ý i i i i i i
i

3Ž .
cZ s P b , E,l exp bEyb Eyb E lŽ . Ž .Ýi i i i

E,l

4Ž .
where Ts1rkb is any desired temperature, g isi

defined by 1q2t and t is an integrated correla-i i
w x Ž . Ž .tion time 22 . In WHAM, Eqs. 3 and 4 are

Ž .iteratively calculated until P b , E,l and Z con-i
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Ž .verge. Then, from P b , E,l , the distribution of l

can easily be obtained by

r b ,l s P b , E,l . 5Ž . Ž . Ž .Ýl

E

Ž .The free energy D F b at an arbitrary temperature
is given by

D F b sykT ln r b ,1 y ln r b ,0 . 6Ž . Ž . Ž . Ž .Ž .l l

The central importance of the multi-temperature fa-
cility of WHAM is the histogram of E, which en-
ables us to reweight the probability of E at an
arbitrary temperature.

Ž .The deviation dP b , E,l is given by
y1r2dP b , E,lŽ .

s N E,l rg . 7Ž . Ž .Ý i iP b , E,lŽ . i

The deviation is used to estimate sampling errors.
The relationship with multicanonical simulation

cŽ .needs to be noted. The constraint potential E E ofi

system energy can be introduced into WHAM so that
the distribution of E becomes constant. This is
expected to improve the efficiency of sampling of
energy. In such a case, equation,
Ž .P b , E,l

R

Ž .N E,l r gÝ i i
is R

c cw xŽ . Ž . Ž .n exp bEy b Ey b E l y b E E r Z gÝ i i i i i i i i
i

8Ž .
Ž .is used instead of Eq. 3 . According to the results of

w xmulticanonical simulations 17–21 , the constraint
potential provides a more efficient sampling of con-
figurational space. The introduction of the constraint

cŽ .potential E E into our method will be examined ini

a forthcoming paper.
As an application of this method, we calculated

the solvation free energy of methane into water using
Monte Carlo simulations under the following condi-

w xtions: We used the TIP3P water models 29 and
w xOPLS parameters for methane 30 . The number of

water molecules was 216. A periodic boundary con-
dition was applied, and an NVT ensemble was gen-
erated. The methane–water potential function,

12 6
lr lrme – w me – w2U sl ´ yme – w me – w ½ 5ž / ž /r r

9Ž .

was used for the coupling parameter l. Parameters
´ and r are OPLS parameters. The coeffi-me – w me – w

cient of ´ was l2 instead of l is to avoid theme – w

large negative potential function. For the constraint
cŽ .potential E l in the ith simulation, the followingi

harmonic function was used:
2cE l sk lyl 10Ž . Ž . Ž .i l i

where k s 300 kcalrmol and l s i=0.1. Thel i

constraint parameter k was determined so that thel

distributions of l overlapped the neighboring simu-
lations. Thirteen simulations were done for one set of
WHAM calculations. In each simulation, at least one
million configurations for equilibration and four to
eight million configurations for sampling were gen-
erated. Every 434 configurations, the energy and the
value of l were recorded for WHAM calculation.

3. Results and discussion

Ž .Fig. 1 shows the free energy profile F l at 258C,
which is defined by

F l sykT ln r l . 11Ž . Ž . Ž .l

The solvation free energy of methane is the differ-
Ž . Ž .ence between F 1 and F 0 , and the value is 1.93

"0.17 kcalrmol. This value agrees well with the
w xexperimental value of 1.93 kcalrmol 31 . In Fig. 1,

the error-bar represents the deviation in free energy

Fig. 1. The free energy profile in the solvation of methane into
water at 258C. The error-bars represent the deviation in the free
energy. The free energy difference between the l of 0 and 1 is the
solvation free energy of methane.
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Fig. 2. The solvation free energies of methane at temperatures
from 208C to 808C calculated from four simulations at 258C,
408C, 508C and 758C. The error-bars represent the deviation in the
free energy. The arrows in the figure indicate the temperatures at
which the simulations were performed.

at each l as an estimate of the sampling error. One
of advantages of this method is that it is possible to
obtain such statistical error in free energy.

Fig. 2 shows the solvation free energies from
208C to 808C. The results were obtained from only
four simulations at 258C, 408C, 508C and 758C. The

w xexperimental values by Morrison and Billett 32 ,
w x w xWen and Hung 33 , Yaacobi and Ben-Naim 34 can

be seen within the deviation in free energy. We
emphasize that the generation of the temperature

Fig. 3. The solvation free energies of methane at temperatures
from 208C to 808C calculated from two simulations at 258C and
758C. The error-bars represent the deviation in the free energy.
The arrows in the figure indicate the temperatures at which the
simulations were performed.

dependence of free energy is based on statistical
mechanics, not on the simple interpolation of data.

To test the multi-temperature facility of this
method, we calculated the free energies at 20–808C
from only two simulations. Fig. 3 shows the results
from simulations at 258C and 758C. Even from two
simulations, the results qualitatively agree with the
experiments. However, the deviations are large at
temperatures from 408C to 608C. Comparing Fig. 2
with Fig. 3, the statistical errors at 40–608C were
greatly improved by adding 408C and 508C simula-
tions. This is due to the improvement in the sampling
of energy. In this way, the statistical error of free
energy can be improved by adding simulations for a
range in which the statistical error is large. We
emphasize that this facility can give the guideline for
efficient improvement of sampling by simulations.

4. Conclusion

We proposed a method to calculate the tempera-
ture dependence of free energy caused by potential
function changes by combining l dynamics with the

ŽPMF method the weighted histogram analysis
.method by which the free energy at any temperature

can be evaluated from one or a few simulations. This
method enables not only the temperature dependence
of free energy to be obtained but also it has a built-in
estimate for sampling errors. We demonstrated a
calculation of the temperature dependence of hy-
drophobic hydration. We now plan to apply this
method to estimating the stability of proteins or
nucleic acids.
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