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Size dependence of transfer free energies: A hard-sphere-chain-
based formalism

Seishi Shimizu,a) Mitsunori Ikeguchi, Shugo Nakamura, and Kentaro Shimizu
Bioinformation Engineering Laboratory, Department of Biotechnology, The University of Tokyo,
1-1-1 Yayoi, Bunkyo-ku, Tokyo 113-8657, Japan

~Received 11 May 1998; accepted 2 November 1998!

The main purpose of this paper is to present a theoretical scheme which describes the solvation and
transfer free energies of small molecules and relate them to solvent contributions in the
biomolecular processes. Several proposals, based originally on Flory–Huggins theory, have been
made recently that there is a non-negligible solute’s volume-proportional term in solvation free
energy and the term should be subtracted to obtain solute/solvent contact free energy for
biochemical applications. These proposals have resulted in the revision of the magnitude of the
hydrophobic effect in biomolecules. The validity has been controversial, since the existence,
physical origin, and magnitude of the volume-proportional term have been model dependent. In this
paper, we cleared up this problem by using an accurate fused-hard sphere model and a perturbation
scheme in which the compensation between the repulsive and attractive interactions has been
clarified. The solvation free energy is shown to be dependent on the solute’s surface area and
curvature: the volume-proportional term is shown to be negligibly small. This disproves the basic
assumption of the previous theories whose purpose is to ‘‘correct’’ the magnitude of the solvation
free energy by subtracting volume-proportional terms. The relationship of our theory to previous
theories is also discussed. ©1999 American Institute of Physics.@S0021-9606~99!50106-2#
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I. INTRODUCTION

Quantitative information on solvation and transfer fr
energies is indispensable to the understanding and mod
of biomolecular structure and binding. A large amount
data on the oil/water partitioning and gas solubility~vapor/
liquid partitioning! of small molecules has already bee
accumulated.1 The transfer free energy2 from phase 1 to 2
can be calculated from the partitioning data as:

DG* 5R T lnS r~1!

r~2!D , ~1!

wherer ( i )s are the solute’s number densities in phasei .3

Given the transfer data of small solutes, how can
estimate the solvation free energy of a protein in a giv
conformation state, or the change in free energy when
protein unfolds4? It has been assumed5,6 in biochemistry that
transfer free energies are proportional to the solvent ac
sible surface area~ASA! of the solute. The surface area p
rametersDG* /ASA are determined from the experiment
transfer free energy data of small solutes, and applied
various simulations of protein folding and protein–prote
association.7

In the past decade, however, there have been sev
proposals that there is a volume-proportional term~much
larger than the almost negligible pressure–volume~PV!
work upon solute insertion! in the transfer free energy8 as
well as an ASA-dependent contribution, and that the volum
proportional term should be subtracted from transfer free

a!Electronic mail: seishi@bi.a.u-tokyo.ac.jp
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ergies to obtain the surface area parameters~‘‘correction’’ !.
Such proposals have resulted in the large change in the m
nitude of solvation contributions for macromolecules8 and
have been controversial.8–10 We thus come to an inevitabl
question: Is there indeed a volume-proportional term
transfer free energy? This paper is devoted to answering
question.

The existence of the volume-proportional term in t
solvation free energy was first predicted by the Flor
Huggins~FH! theory,11 where entropy of mixing is predicted
to be volume proportional and the nonideality from the s
differences between solute and solvent has been incorpor
by using the lattice solution model. The lattice solutio
model has recently been extended to take the free volu
into account and the extended theory also predicts the e
tence of the volume-proportional term.12,13However, several
facts show that FH theory is not a satisfying model. It
shown by Hall and co-workers14 that FH significantly under-
estimates the fused hard-sphere compressibility factor. M
over, the FH agrees well in the chemical potential with t
simulation in the lattice system.13 These facts show that th
lattice system differs significantly from the continuum spa
in the excluded-volume effects. Some authors, furthermo
have reported that FH describes experimental partition
data. However, due to the difference between the lattice
continuum space, these explanations should be reconsid
There are some unnatural assumptions made in the exp
tion of experimental data by FH8,15 for example:~1! consid-
ering flexible segmental benzene and cyclohexane molec
in the experiments of De Young and Dill9,15 and ~2! assum-
ing fully packed and zero free volume limits in the explan
1 © 1999 American Institute of Physics
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tion of the solubility of xenon in a series of alkanes8 which
made the physical meaning of the parameters unclear
made xenon a flexible 5.5 mer. The description of solvat
and partitioning therefore requires a continuum space the

The existence of the volume-proportional term has a
been predicted from gas-based theories. Hildebran
theory16 is based on the van der Waals fluid model rath
than a lattice model, but it nonetheless predicts the existe
of a volume-proportional term similar to that predicted
FH theory. Sharpet al.17 used the ideal gas to derive th
volume-proportional term. In the gas-based continuum-sp
theories,17–20 the mixing of free volume distributed to eac
solute and solvent molecule is the origin of the volum
proportional term.21 It is noteworthy, however, that neithe
the ideal gas nor the van der Waals gas model represent
excluded-volume effects of the real molecules.22 The differ-
ence between the lattice and the gas theories is that while
gas theory predicts the existence of the volume-proportio
term even for the monomer solvent molecules, the lat
theory does not. On the other hand, Ben-Naim and Lo
have shown, based on virial theory, that the volume te
contained in solvation free energy is PV work~which means
this term is negligibly small at 1 atm!. This result apparently
disproves former gas-based ‘‘rederivations.’’ However, th
theory is valid only for monomers at a low-density limit.23

The question as to the existence of a volume-proportio
term of solvation for monomeric as well as chain molecu
should be answered by a model that better represents
excluded-volume effects in solution.

The scaled particle theory~SPT!24–26 is based on the
accurate analytical model of the hard-sphere system and
far better model of the excluded volume effects for liqui
than the theories based on the ideal gas or the van der W
fluid, although it is limited to monomeric solutes and so
vents. The hard-sphere chemical potential upon which SP
based contains a term for the PV work performed when
solute is introduced into the system. Since the pressure o
hard-sphere system is usually as high as 1000 atm25 at the
density of water, this PV work amounts to several kiloca
ries. The way in which this term should be treated has
been clarified and has been a source of confusion~‘‘hard-
sphere pressure problem’’! in understanding the existence
the volume-proportional term of the solvation fre
energy.27,28 The scaled particle theory of Pierotti25 ignores
this hard-sphere PV term under the physical insight that
work of real solvent is negligibly small: if one follows thi
approach, one concludes that there is no volume-proporti
term in the entropy of solvation. Sharpet al.28 follow this
theory of the hard-sphere pressure. Neff and McQuarri26

however, made straightforward use of the hard-sphere p
sure in a different perturbation scheme and reported be
agreement with the experimentally obtained solubility. Th
if one follows their treatment of the hard-sphere pressu
one concludes that there is a volume-proportional te
These seemingly contradicting conclusions result from
insufficienct in the treatment of the hard-sphere pressure
the unclear mechanism that makes up the real ambient p
sure.

To resolve the controversy over the existence and m
Downloaded 15 Apr 2004 to 144.32.128.73. Redistribution subject to AIP
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nitude of the volume-proportional term in monomeric a
chain molecular solution, we present in this paper a n
theory of solvation based on a fused hard-sphere refere
system in the continuum space and a novel perturba
scheme which describes the solvation shell for incorpora
attractive interactions. This treatment is free from artifacts
the lattice. Our theory, furthermore, overcomes the ha
sphere pressure problem in SPT and the hard–soft com
sation is treated rigorously. We show in this theory that
volume-proportional term is negligibly small even for cha
solvents; the solvation free energy is dependent on sur
area and curvature. This clarifies the dependence of tran
free energy on molecular size and shape and it gives a t
retical foundation for estimating the solvation effects in b
molecules.

II. THEORY

A. Hard-sphere contribution to the solvation free
energy

Scaled particle theory24 is equivalent to the analytica
solution of the Percus–Yevick integral equation
Lebowitz,29 a solution obtained through the compressibil
equation, and it has a physical consistency at the limit
large solute size. The SPT provides one of the most real
models of solvation for spherical molecular fluids. Th
chemical potentialma,hard of the hard-sphere solute of diam
eter Ra ~at the number densityra) in the solution of the
hard-sphere solvent of diameterRs of the number densityrs

is given, in the infinite dilution, by the following equation29:

ma,hard5ma,hard* 1kT ln ra

ma,hard* 5PhardDVm1kTS Ra

Rs
D 2 3

2

h~h12!

~12h!2

1kTS Ra

Rs
D 3h

12h
2kT ln~12h!, ~2!

where ma,hard* is the pseudochemical potential3 which ex-
presses the free energy change upon insertion of a solute
fixed position. Theh in this equation is the packing fractio

of the liquid (h5( i
1
6pr iRi

3), and Phard and DVm are the
pressure of the hard-sphere reference system~which through-
out this paper is called simply ‘‘hard-sphere pressure’’! and
the hard-core volume of the solute:

Phard5kTrs

11h1h2

~12h!3
, ~3!

and

DVm5
p

6
Ra

3 . ~4!

The treatment of the productPhardDVm, which for the
hydration of methane can be as large as 2 kcal/mol is c
parable to the solvation free energy.27 As is pointed out in
Sec. I, the treatment of this term has been confused and
volume dependency has been unclear. To clarify the tr
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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2973J. Chem. Phys., Vol. 110, No. 6, 8 February 1999 Shimizu et al.
ment of thePhardDVm term, we introduced the attractive in
teractions and rigorously formulated their compensation w
PhardDVm.

B. Contribution of attractive interactions

We thus require a quantitative treatment of the comp
sation between the term which originates in the hard-sph
reference system~which in this paper is called the ‘‘hard
term’’! and the term due to attractive interaction~the ‘‘soft
term’’!. To see the way in which the hard and soft term
compensate and make up the solvation free energy, we
the perturbation approach based on a hard-sphere system
veloped by Henderson and co-workers.30 In the perturbation
scheme, we decompose the attractive interaction contribu
of the solvation free energy into the local~the solvation
shell! and bulk contributions, and the bulk contribution
shown to compensate withPhardDVm.

1. The perturbation approach of the solvation shell

Consider a solution of molecules comprising two m
lecular species:a ~solute! ands ~solvent!, and assume infinite
dilution so that solute–solute interactions are negligible.
also require that the intersubunit potential energyUNa ,Ns

is
pairwise additive and each pair potential is decomposed
‘‘hard sphere repulsion’’uhard and ‘‘soft’’ part usoft, which
expresses the contribution such as dispersion forces and
trostatic potentials.

In the dense fluids, the molecular structure of the flu
is basically determined by the hard-sphere repulsion. F
the density functional perturbation theory proposed by He
erson, Evans and co-workers,30 the free energy of the pur
solvent of the densityr(r ) is expressed as

A@r~r !#5Ahard@r~r !#1Asoft@r~r !#,
~5!

Asoft@r~r !#5
1

2E drdr 8r~r !r~r 8!gss
hard~r ,r 8!uss

soft~r ,r 8!,

where gss
hard and uss

soft express solvent–solvent correlatio
function of the hard-sphere reference system and solve
solvent attraction, respectively. The free energy of the s
tem after the insertion of a solute molecule to the fixed
sition ~at the origin! in the fluid under constant volume~the
relation between constant pressure insertion and cons
volume insertion will become clear in Sec. II B 3! is ex-
pressed as:

A* @r~r !#5A* ,hard@r~r !#1A* ,soft@r~r !#,

A* ,soft@r~r !#5
1

2E dr dr 8r~r !r~r 8!gss*
hard~r ,r 8!uss

soft~r ,r 8!

1E druas
soft~r !r~r !gas*

hard~r !, ~6!

where gss*
hard and gas*

hard, respectively, express correlatio
function between solute and solvent molecules, and betw
solvent molecules in the presence of a solute;uas

soft expresses
solute–solvent attraction.

The chemical potentialm is the difference of the free
energy of the above two states, which is expressed as
Downloaded 15 Apr 2004 to 144.32.128.73. Redistribution subject to AIP
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sum of the hard sphere partmhard and the soft partmsoft as
m5mhard1msoft. The modeling ofmhard has been discusse
in Sec. II A. Our interest here is how we can expressmsoft.
The result can be obtained as

msoft5A* ,soft@r~r !#2Asoft@r~r !#

5Adirect~T,V,1,Ns!1DAsolvent~T,V,Ns!,

Adirect~T,V,1,Ns!5E druas
soft~r !r̃as* ~r !, ~7!

DAsolvent~T,V,Ns!5
1

2E dr dr 8 uss
soft~r ,r 8!

3@ r̃ss* ~r ,r 8!2 r̃ss~r ,r !#,

whereAdirect(T,V,1,Ns) andDAsolvent(T,V,Ns), respectively,
express solute–solvent interaction and the change
solvent–solvent interaction upon the insertion of a solute
the solute–solvent and solvent–solvent two-body distri
tion functions are defined, respectively, asr̃as* (r )
5r(r )gas*

hard(r ), r̃ss(r ,r 8)5r(r )r(r 8)gss
hard(r ,r 8), and

r̃ss* (r ,r 8)5r(r )r(r 8)gss*
hard(r ,r 8).

2. Solute –solvent interaction

r̃as(r ) is zero in the range of 0<ur u<@(Ra1Rs)/2# be-
cause of the hard core repulsion. If the potentialuas

soft(r ) is a
short-ranged potential, the direct interaction is expected to
proportional to ASA:

Adirect~T,V,1,Ns!

'4pS Ra1Rs

2 D 2

Dd

3Fuas
softS ur u5

Ra1Rs

2 D r̃asS ur u5
Ra1Rs

2 D G ,
whereDd is the range of the potentialsuas

soft. Adirect(T,V,Ns)
is thus proportional to ASA probed with the monomer of t
solvent.

3. Solvent –solvent interaction

Now we rewriteDAsolvent using the binding energy. The
binding energy in the presence of a fixed solute is defined

B* ~r !5E dr 8
r̃ss* ~r ,r 8!uss

soft~r ,r 8!

r̃as* ~r !
, ~8!

and the bulk binding energy of the same component is gi
by

B05E dr 8
r̃ss~r ,r 8!uss

soft~r ,r 8!

rs
, ~9!

wherers5Ns /V. B0 is a constant due to the isotropicality o
the system.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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2974 J. Chem. Phys., Vol. 110, No. 6, 8 February 1999 Shimizu et al.
Using these binding energies, we can rewrite
DAsolvent(T,V,Ns) in Eq. ~7! as

DAsolvent~T,V,Ns!5
1

2S E dr r̃as* ~r !B* ~r !2E dr rsB
0D .

~10!

The binding energyB* (r ) far from the solute located a
the origin tends to

lim
r→`

B* ~r ![B* `. ~11!

Note that compression of the solution upon the insertion
the solute makesB* ` different fromB0.

By usingB* `, we can rewriteDAsolvent(T,V,Ns) as

DAsolvent~T,V,Ns!5
1

2E dr r̃as* ~r !@B* ~r !2B* `#

1
1

2E dr @ r̃as* ~r !B* `2rsB
0#. ~12!

Since the number of solvent molecules is constant u
insertion of the solute, it holds that

E dr r̃as* ~r !5E dr rs, ~13!

and the fact thatB* ` is a constant can be used to rewrite E
~12! into a simple form:

DAsolvent~T,V,Ns!5
1

2E dr r̃as* ~r !@B* ~r !2B* `#

1
1

2E dr rs~B* `2B0!. ~14!

We show that the second term of Eq.~14! is equivalent to
Psoft as follows: Matubayasiet al.31 by using the work of
Lebowitz and Percus32 have shown thatr̃as* (r ) and r̃ss* (r ,r 8)
at r and r 8 far from the solute at the origin tend to:

r̃as* ~r !→rs2DV
]rs

]V
,

~15!

r̃ss* ~r ,r 8!→ r̃ss~r ,r 8!2DV
]r̃ss~r ,r 8!

]V
,

whereDV5 ]mhard* /]Phard is the hard-sphere excess volum
of solvation. It follows from these relationships that

r̃ss* ~r ,r 8!

r̃as* ~r !
→

r̃ss~r ,r 8!

rs~r !
2DV

]

]VS r̃ss~r ,r 8!

rs~r !
D 1oS 1

VD ,

~16!

and the binding energyB* ` then becomes

B* `5B02DV
]B0

]V
. ~17!

Thus the binding energyB* ` is shown to be equal to th
binding energy of the solution of the densityNs /(V2DV).
Downloaded 15 Apr 2004 to 144.32.128.73. Redistribution subject to AIP
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By using Eq.~17!, we can rewrite the second term of E
~14! as

1

2E dr rs~B* `2B0!52DV
1

2E dr rs

]B0

]V

52DV
]

]V

1

2E dr rsB
0

52DV
]Asoft

]V

5PsoftDV. ~18!

The second term in Eq.~14!, PsoftDV, almost cancels ou
PhardDV for liquid solutions, becauseP5Phard1Psoft and
PDV is negligibly small. The first term in Eq.~14!

([m̃solvent) is then the leading term and is localized in th
shell:B* (r ) converges toB* ` at a certain distancel. When
l is short enough, it is proportional to the solute’s coordin
tion number and thus is dependent on surface area and
vature.

C. Extracting shell thermodynamical quantities from
the hard-sphere reference system

Here we present the scheme for the compensation
tween hard and soft contributions based on the formula
of PsoftDV in Sec. II C. The results of this perturbatio
scheme are summarized schematically in Fig. 1, wherem*
(5mhard* 1msoft), mhard* , andmsoft, respectively, correspond t
the free energy changes upon processes (1→3), (a→c), and
(1→a) 1 (c→3). The main result of Sec. II C ismsoft

5m̃soft1PsoftDV, where DV5(]mhard* /]Phard)T,Ns
is the

FIG. 1. Schematic summary of the perturbation scheme. Ben-Naim’s
tary process~Ref. 3! 1→3, insertion of a solute at a fixed position in th
solvent, is decomposed in the following thermodynamic cycle in terms
the fused-hard sphere~FHS! reference systems. 1→a: turn off attractive
interactions with (T,V) fixed. a→b: insert a hard-sphere solute into th
system of hard-sphere solution. The volume increment isDV, the hard-
sphere excess volume of solvation.b→c: compress the FHS system to th
volume ofa. c→3: recover attractive interactions.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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hard-sphere volume of solvation andPsoftDV is equal to (2
→b) 1 (c→3). The free energy change upona→b is the
noncompensating part calculated as

m̃hard5mhard* 2PhardDV, ~19!

and the termsPhardDV and PsoftDV make up the ambien
pressure term ofPDV (2→3). The volume of solvationDV
in the hard-sphere reference system is calculated as

DV5S ]

]Phard
~ma,hard2kT ln ra! D

T,Ns ,Na

5DVm1DVfree,

whereDVm is the molecular volume of the solute andDVfree

is the free volume in the hard-sphere reference system:

DVfree5
1

kT

p

6
Rs

3

~114h14h2!
F S Ra

Rs
D 2

3~112h!~12h!

1S Ra

Rs
D3~12h!21~12h!3G . ~20!

Note that the free volume given by Eq.~20! is on the order of
Ra

2 and is negligible in theRa→` limit relative to DVm,
which is on the order ofRa

3 , and is physically plausible.
m̃a,hard is then calculated as

m̃a,hard5ma,hard* 2PhardDV5kTS Ra

Rs
D 2S 3

2

h~h12!

~12h!2 D
1kTS Ra

Rs
D 3h

12h
2kT ln~12h!

2kTh

11h1h2

~12h!3

~114h14h2!
S Ra

Rs
D 2

@3~112h!~12h!#

1S Ra

Rs
D3~12h!21~12h!3, ~21!

where the last term comes from2PhardDVfree. It is notewor-
thy that them̃a,hard obtained does not contain any (Ra /Rs)

3

term. This shows that there exists no volume-proportio
terms in the solvation free energy, as will also be discus
in Sec. III.

D. Extension to chain molecular solvents

1. Soft term: Extension of the perturbation scheme

The solvation shell formalism of the soft term presen
in Sec. II B can be extended to the chain molecular solve
Appendix A generalizes the perturbation scheme into
chain molecular solvents. Equation~15! has served as th
basis of our hard soft compensation scheme, and the ge
alization of this equation to chain molecular solvents is giv
Downloaded 15 Apr 2004 to 144.32.128.73. Redistribution subject to AIP
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in Appendix B. It is shown in Appendix B that the funda
mental relationship for the soft term,m̃soft5msoft2PsoftDV
holds even for chain molecular solvents: we can dissectmsoft

into soft PV work and the solvation shell contribution
(m̃soft).

2. Hard term: A fused hard-sphere model of solvents

The thermodynamic quantities of the fused hard-sph
~FHS! system can be calculated by Wertheim’s thermod
namic perturbation theory~TPT!,33 which gives an accurate
analytical expression of the equation state of FHS in co
parison with simulations,34 which has not been realized b
Flory–Huggins. In TPT, a monomeric hard-sphere system
chosen as the reference system and intramolecular bond
taken into account by first-order perturbation from the ref
ence system asAFHS5AHS1Abond, where AHS is the free
energy of the hard-sphere system andAbond is the change of
free energy upon the introduction of intramolecular bon
This theory is shown to give an accurate description of
compressibility factor.34 The pseudochemical potential of th
monomer solutea in the FHS solvents can be calculated
from

mhard* 5mmonomer* 1mbond, ~22!

where mbond expresses the contribution of intramolecul
bonds, which is given bymbond5(]Abond/]Na)T,V,Ns

. Here
we are interested in the polymerization of the solvent, wh
is given as

Abond

kT
52Ns

c~ms21!ln rs
cgss

HS~Rs!1Ns
c~ms21!, ~23!

wherems is the number of monomers in a solvent molecu
~which is assumed here to be a homopolymer for simplicit!,
gss(Rs) is the two-body correlation function for monomer
andNs

c andrs
c are, respectively, the number and the numb

density of the solvent chain molecules. We have used
Lebowitz’s compressibility solution result29 for the two-body
correlation functions.mbond in infinite dilution limit is given
by,

mbond52kTS Ra

Rs
D 2 ms21

ms

3
2h

~12h!~12 1
2h1 1

4h
2!

1PbondS p

6
Ra

3D , ~24!

where

Pbond52kT~ms21!rs
c

11h1 1
4h

2

~12h!~12 1
2h1 1

4h
2!

.

Then we extract the noncompensating part from
chemical potential of a solute in the chain molecular s
vents. From the discussion of Sec. II C, we know that
noncompensating hard term can be extracted as
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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m̃hard5mhard* 2PhardDV

5kTS Ra

Rs
D 2S 3

2

h~h12!

~12h!2
2

ms21

ms

3h

2~12h!~12 1
2h!1 1

4h
2D 1kTS Ra

Rs
D 3h

12h
2kT ln~12h!

2kTh

11h1h2

~12h!3
2

ms21

ms

11h1 1
4h

2

~12h!~12 1
2h1 1

4h
2!

~114h14h2!2
ms21

ms
~12h!2

112h2 3
2h

21 1
4h

31 7
16h

4

~12 1
2h1 1

4h
2!2

3F S Ra

Rs
D 2S 3~112h!~12h!2

ms21

ms

~12h!2~ 3
22 9

8h
21 3

4h
3!

~12 1
2h1 1

4h
2!2 D 1S Ra

Rs
D3~12h!21~12h!3G ~25!
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and, as in the case of the monomer solvent, is dependen
the surface area and curvature. The consequence of this
eralization will be discussed in Sec. II E.

The theoretical scheme presented here can be gen
ized to the chain molecular solutes under the assumption
m̃soft5msoft2PsoftDV holds for chain solutes. The expressio
of m̃hard is given in Appendix C. In this case, it also appea
likely that there are no solute-volume proportional terms.

E. Comparison with Flory x

Here we briefly mention the relationship between o
soft term and the Floryx. The Floryx term12 is expressed in
the following form: if we remove the assumption of zero fr
volume fa1fs51 and the assumption that the partial fr
volume is expressed asDV5ma as is assumed in Ref. 12,

m̃x5maz~eaafa1easfs!

2 1
2 zDV~eaafa

212easfafs1essfs
2!, ~26!

wheree i j is the intersite contact interaction between mole
lar speciesi and j, andf i is the packing fraction of speciei .
The first term comes from direct solute–solution interacti
which corresponds toAdirect in the continuum-space theory
The second term comes from the breaking of the interm
lecular interactions by the introduction of a solute, and
corresponds to ourDAinter. But in the Floryx, the same term
also appears inPsoftDV. The lattice theory has an artifact i
that theDAinter has the same form asPsoftDV, the bulk quan-
tity, and the shell localization of the interaction energy is n
taken into account.

III. DISCUSSION

In this section, we used a rigorous perturbation sche
and showed that the solvation free energy of the spher
solute does not contain any volume-proportional terms~other
than a small PV term! and is dependent on the solute’s su
face area and curvature. An influence of curvature on so
tion free energy, which had been proposed previously,35,36 is
supported by the present theoretical scheme, but we have
come up with a volume-proportional term like that expec
for both monomer and chain solvents in the theories suc
Downloaded 15 Apr 2004 to 144.32.128.73. Redistribution subject to AIP
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FH, Hildebrand, and ideal gas. In Sec. III A, we clarify,
the light of our rigorous treatment of hard-soft compensat
in FHS, the theoretical basis and assumptions in the prev
gas models that lead one to expect a volume-proportio
term to contribute to the solvation free energy. The way
overcome the hard-sphere pressure problem of SPT is
cussed in Sec. III B. We then point out some deficiencies
the FH in Sec. III C and comment on the validity of the F
‘‘correction’’ of the solvation free energy in Sec. III D.

A. Volume-proportional terms of solvation in gas
models

1. Hildebrand’s theory

Hildebrand ‘‘rederived’’ the FH type of volume
proportional term from van der Waals fluid model.16 But as
pointed out by Chan and Dill,12 Hildebrand’s theory is based
on an assumption that the molar volume, and thus the
volume, is proportional to the molecular volume. This lea
to the volume-dependent entropy of solvation, but it fails
large solutes. In our theory,DVfree is dependent on surfac
area and curvature, and is not proportional to the molec
volumeDVm.

2. The theory of Sharp et al.

The origin of the volume-dependent term in the ideal g
theory of Sharpet al.17 is understood as follows: In taking
the ideal gas limit of the ‘‘entropical part’’ of the formula
m̃hard5mhard2PhardDV, instead ofmhard and DV going to
zero as expected, the volumeDV remains constant and th
partial molar volume determined experimentally is used.
this case,m̃hard goes to2PidealDVmolar. This is the origin of
the volume dependent term in the solvation free energy.
treatment violates our hard–soft compensation which ta
place for the process of the volume increment byDV.

B. Volume dependency and attractive interactions in
scaled particle theory

The volume dependency of the solvation free energy
not been clarified even in the framework of SPT, and
recognized27,28 as a critical problem in clarifying the
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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molecular-volume dependence of the solvation free ene
As mentioned in Sec. I, if one follows Pierotti’s approach25

one concludes that there is no volume-dependent term in
entropy of solvation, but if one follows the approach of Ne
and McQuarrie,26 one concludes that a volume-depende
term exists. The two theories adopted different ways of t
ing attractive potentials into account. We have conclud
Sec. III A that no volume proportional term contributes to t
solvation free energy of the monomer solutes, except fo
usually negligible PV term. What are the relationships b
tween these three conclusions? They are summarized in
following compact form.

m5mhard1msoft~Neff & McQuarrie! ~27!

5m̃hard1m̃soft1PDV.m̃hard1m̃soft~our theory! ~28!

5 m̃̃hard1 m̃̃soft1 m̃̃ res1PDV. m̃̃hard1 m̃̃soft~Pierotti!, ~29!

where newly introduced quantities are defined asm̃̃hard

5mhard2PhardDVm, m̃̃soft5Adirect(T,V,1,Ns) and m̃̃ res

5DAsolvent(T,V,Ns)2PhardDVfree ~definitions of each of the
terms are given in Sec. II!.

~i! The formalism of Neff and McQuarrie: Neff an
McQuarrie26 criticized Pierotti’s way of simply ignoring
PhardDVm: they proposed instead to use the calculated va
of the hard-sphere pressure and proposed further to intro
a term corresponding to ourDAsolvent. The only difference is
that they have used thepartial derivative DAsolvent

5]A(T,V,Ns ,Na)/]Na instead of ourdifferenceDAsolvent

5A(T,V,Ns ,Na11)2A(T,V,Ns ,Na). In the partial deriva-
tive approach,26 the solvation shell has not been treated. T
volume-proportional term remained in the Neff and McQu
rie formalism only because the solvation shell of the s
term has not been treated in their formalism and thus
compensation between the soft and hard terms had not
treated. If we consider a solvation shell as we have don
Sec. II, the hard–soft compensation enables us to conc
that solvation free energy does not contain any volu
terms, as shown in Eq.~35!, which was beyond their scope

~ii ! The formalism of Pierotti: Pierotti’s SPT25 is based
on an assumption thatPhardDVm always compensates th
corresponding soft part. The attractive interactions are ta
into account by perturbation, but in a manner different fro
the formalism of Neff and McQuarrie: only direct solute
solvent interactionAdirect is taken into account. As shown i
Eq. ~29!, Pierotti’s formalism can be derived from ours b

assumingm̃̃ res.0, which is equivalent toDAsolvent(T,V,Ns)
.PhardDVfree. This means that upon the insertion of a solu
the attractive part of the change of solvent–solvent inter
tion always compensates the free volume expansion by h
sphere pressure. The validity of this assumption will be d
cussed in a forthcoming paper,37 but the success of Pierotti’

formalism suggests thatm̃̃ res.0 is not a bad approximation
~iii ! The theory of Sharpet al.: The hard-sphere theor

of Sharpet al.28 had presented no theoretical treatment of
soft term, but their scheme of solvation free energy is pr
cipally equivalent to Pierotti’s. They have made an assum
tion that the volume change upon solvation, namely the
Downloaded 15 Apr 2004 to 144.32.128.73. Redistribution subject to AIP
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ute’s molar volume, is equal toDVm/h. This, however, is
equivalent to assuming molar volume to be molecul
volume proportional and has the same deficiency as tha
Hildebrand’s theory.

C. Comparison to Flory–Huggins theory

1. Volume dependency in the Flory –Huggins theory

Although FH theory predicts the existence of a volum
proportional term in water→ oil transfer due to the flexibil-
ity of the oil solvents, this flexibility does not lead~in our
hard-sphere chain theory! to a molecular-volume-
proportional term. The inconsistency between FH and
theory is discussed here in detail.

The configurational part of the FH chemical potential
expressed as12

m̃hard
FH 5kT

DVFH

V
@Na~ma21!1Ns~ms21!#

1kTDVFH
freeln~12h!, ~30!

whereDVFH and DVFH
free express the excess volume and t

free volume in the FH model, andh is the packing fraction.
The FH theory imposes several assumptions on Eq.~30!,
whose validity will be examined later in this subsection:
assumes thatDVFH5ma , equivalentlyDVFH

free50 andh51.
This equation then becomes, in the infinite dilution limit,

m̃hard
FH 5kTmaS 12

1

ms
D . ~31!

It is this equation that has been used by many authors12,13,15

to model solvation and transfer experiments.
The validity of concluding the existence of a volum

proportional term from Eq.~31! of the FH theory should be
questioned. Our theory contains the 12(1/ms) term, which
is the same as FH in the casema51 ~if we can further
assume that the solvation shell formalism presented in S
II D can also be generalized to the chain molecular solu
we have the termma@12(1/ms)# in m̃a,hard), and these terms
are in the curvature- and surface area-proportional terms,
in the volume-proportional terms. The lattice FH theory,
the other hand, is based on a prerequisite that all subunits
of the same size, which is equivalent to requiringRa /Rs

51, and in this case there is no distinction betweenRa /Rs ,
(Ra /Rs)

2, and (Ra /Rs)
3. Thus it is insufficient to conclude

that m̃hard in FH is a volume-proportional term.

2. Assumptions in the Flory –Huggins theory

We then examine the validity of the assumptions ma
to derive Eq.~31! from ~30!. In Fig. 2, the solvent chain
length dependence ofm̃hard for monomer solutes is plotted
The packing fraction was kept constant ath50.5 for the
fused-hard-sphere model. The monomer radius ratior
5Ra /Rs has also varied in the case of the fused-hard-sph
model. Very small chain-length dependence is observed
m̃a,hard for the fused-hard-sphere model; there is only a sli
tendency ofm̃a

hard decreasing with chain lengthm. This is
intuitively plausible since when the packing fraction is co
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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stant, the connectivity of the solvents contributes to cav
opening. But the FH theory predicts the opposite. The wro
chain-length dependency originates in the assumptions m
to derive Eq.~31! from Eq.~30!. If DVFH

free increases with the
solvent chain length, FH is then expected to have the s
tendency as that of the fused hard spheres.

Figure 3 plotsm̃hard upon insertion of methane in liquid
alkanes from hexane to hexadecane, the case where th
dius of the solute and momomer of the solvents are the s
as required in the derivation of FH, the experimental pack
fractions of each solvent.38 Although the FH theory@Eq.
~31!# contains unnatural assumptions, as pointed out ab
it predicts the same tendency of the chain-length-depend
of m̃hard as the fused hard-sphere theory.

3. Entropy of coupling and volume proportionality

Chan and Dill12 have discussed that the contact free e
ergy can be extracted from solvation free energy by subtr

FIG. 2. m̃hard from fused hard-sphere theory vs solvent chain length
monomer solutes with various monomer solutes at several monomer d
eter ratios (r 5Ra /Rs) whenh50.5. See the text for an explanation of th
opposite tendency for the fused hard-sphere and Flory–Huggins theor

FIG. 3. Solvent~5liquid alkane! chain length dependence of them̃hard cal-
culated from fused hard-sphere and Flory–Huggins~FH! theories. In spite of
the unrealistic assumptions of the Flory–Huggins theory, it predicts at l
the same tendency on the chain-length dependence as the fused hard-
theory.
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ing the contributions of the coupling of translational degre
of freedom to excluded volume, or rotational or internal d
grees of freedom~‘‘entropy of coupling’’!. However, what
they have actually calculated was thewhole entropic term
upon insertion of a solute~see Ref. 22 and the discussion
Sec. III D! which includes the entropy of coupling. Sinc
FHS agrees well with the Monte Carlo simulation for har
sphere chain fluids,34 our m̃hard already contains the couplin
effect for the flexible polymers giving a better description
the excluded volume effects than FH. Since ourm̃hard does
not contain any volume-proportional term, it is unlikely th
the entropy of coupling for the flexible polymers introduc
the volume-proportional term. The case of rigid polyme
will be discussed in the forthcoming paper.

D. Definition of solvation free energy

Here we will briefly comment on the definition of solva
tion free energy. Our theory does not support the ‘‘corre
tion’’ of the solvation free energy or the procedures based
FH theory to obtain solute/solvent contact interactions
the following two reasons: first, the necessity of the ‘‘corre
tion’’ is based on the preposition that thereis a volume-
dependent term in the solvation free energy and that to
tain ‘‘transfer free energy that depends only on solu
solvent contact area,’’ the volume-proportional term sho
be subtracted.13 However, the hard-sphere-chain-bas
theory presented in this paper did not lead to the existenc
the volume-proportional term~except the small PV term!.
Second, the ‘‘correction’’ would lose solute-induced chan
in solvents from the obtained solvation free energy. The
tropic term due to solute-induced change in the solven
configuration should be included in the contact free energ12

but is lost in the ‘‘corrected’’ free energy.

IV. CONCLUSION

To clarify whether a solute’s volume-proportional ter
exists in the solvation free energy, we have presente
fused-hard-sphere-based perturbation theory of solvation
is based on an accurate model of chain molecular fluids
the continuum space,33 and it clarifies the compensation o
contributions from the hard sphere and attractive inter
tions, which have not been clarified in previous scale
particle theories. Flory–Huggins theory had predicted the
istence of the volume-proportional term from which th
‘‘correction’’ of the solvation free energy@i.e., to subtract
volume-proportional terms fromDG* in Eq. ~1!# has been
proposed.13 This has caused a serious controversy for a
cade, but our theory has shown that the solvation free ene
is dependent on surface area and curvature, and tha
volume-proportional terms contribute to solvation free e
ergy ~except for an ambient pressure PV term that is ne
gible for liquids!. This disproves the proposition of subtrac
ing the volume-proportional terms. We think that this mod
is useful in modeling solvation and transfer processes, an
forthcoming paper37 is devoted to the application of thi
theory to the modeling of transfer experiments.

r
m-

.

st
here
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



fe
rd
lu

l-
la
u
e

on
e

n
er
he
iz

ts
o

a
-
is

n
e
en
gi

of
gy
a

en

he

nal
t

on

is-
n
re

.

he

2979J. Chem. Phys., Vol. 110, No. 6, 8 February 1999 Shimizu et al.
ACKNOWLEDGMENTS

The authors thank Professor Kuniaki Nagayama, Pro
sor Tatsuo Ooi, Professor Ken A. Dill, Professor Richa
Friesner, Professor Kim Sharp, and Dr. B. K. Lee for va
able discussions. One of the authors~S.S.! is grateful to
Kaori Sakurai for continuous encouragement.

APPENDIX

In this Appendix we extend the solvation shell forma
ism of the soft term presented in Sec. II B to chain molecu
solvent. We first briefly present the extension of the pert
bation scheme of Sec. II B 1 to the chain molecule. We th
extend Eq.~15!, which has served as the basis of solvati
shell formalism, to intersubunit distribution functions of th
chain molecules. This is done by extending the discussio
Matubayasiet al.,31 which has been focused on monom
solvents, to chain solvents. The discussion presented
serves as the foundation for extending the theory of s
dependence to chain solvents as is done in Sec. III C.

1. Perturbation scheme for chain solvents

Consider a fluid ofNs solvent molecules which consis
of ms distinguishable subunits. The system is homogene
and isotropic. The solvent is confined in volumeV at tem-
peratureT. With V and T kept constant, we introduce
spherical solutea into the solution, fixed at an arbitrary cho
sen origin. Since the subunits are assumed to be distingu
able, we must deal with~for two-body distribution functions!
all the possible pairs of subunits, i.e., intramolecular a
intermolecular pairs. The perturbation scheme is readily
tended to this case, under the assumption that the refer
can be taken as a hard-sphere system, which as a result
the following form forDAsolvent(T,V,Ns):

DAsolvent~T,V,Ns!5
1

2(i , j (
k51

2 E dr1 dr2 u1i ,k j
soft ~r1 ,r2!

3@ r̃* ~1i ,k j !~r1 ,r2!2 r̃ ~1i ,k j !~r1 ,r2!#,

~A1!

where r̃* (1i ,k j )(r1 ,r2) and r̃ (1i ,k j )(r1 ,r2) express the two-
body distribution function between thei th subunit of mol-
ecule 1 and thej th subunit of subunit ink, with and without
the solute, respectively.

We then give a chain solvent version
DAsolvent(T,V,Ns) expressed in terms of the binding ener
B. This time the concept of binding energy is extended
follows: we consider a binding energy of subuniti in the
‘‘sea’’ of subunit j. Herej may be either on the molecule~the
same asj! or on the other molecule. We distinguish betwe
these two cases by using the parameterk introduced above.
The binding energies are defined as

B* ~1i ,k j !~r1!5E dr2

r̃* ~1i ,k j !~r1 ,r2!u1i ,k j
soft ~r1 ,r2!

r̃* ~1i !~r1!
~A2!

and
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B0~1i ,k j !5E dr2

r̃ ~1i ,k j !u1i ,k j
soft ~r1 ,r2!

r~1i !
. ~A3!

DAsolvent(T,V,Ns) can then be expressed in terms of t
binding energies as

DAsolvent~T,V,Ns!5
1

2(i , j (
k51

2 E dr1 r̃* ,1i~r1!

3@B* ~1i ,k j !~r1!2B* ~1i ,k j !`#

1
1

2(i , j (
k51

2 E dr1 r̃1i

3@B* ~1i ,k j !`2B0~1i ,k j !#, ~A4!

and the first term is surface area and curvature proportio
whenB* coverges toB* ` in a short distance. To show tha
the second term is equal toPsoftDV, we need to generalize
Eq. ~15! to the chain molecular solvent. The next secti
does this.

2. Solvation shell formalism for chain solvents

Here we investigate the asymptotic behavior of the d
tribution functions far from the solute. We will omit the sig
s ~5solvent! from the indices below. Three distributions a
of special interests:~i! one-body,~ii ! intermolecular two-
body, and~iii ! intramolecular two body correlation functions
The Ursell correlation functions are given as

Fi~r1a!

5
d

da~r1a!
lnS E Dalle

2bUNs)
i 51

Ns

)
j 51

ms

@11a~r i j !# D
a~r50!

,

Fi , j~r1a ,r2b!

5
d2

da~r1a!da~r2b!

3 lnS E Dalle
2bUNs)

i 51

Ns

)
j 51

ms

@11a~r i j !# D
a~r50!

, ~A5!

F $ i , j %~r1a ,r1 j !

5
d2

da~r1a!da~r1 j !

3 lnS E Dalle
2bUNs)

i 51

Ns

)
j 51

ms

@11a~r i j !# DU
a~r50!,

whereUNs
is the sum of the solvent–solvent interaction. T

correlation functions tend, in the presence of a solute, to
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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F̄ i~r1a!5
d

da~r1a!
lnS E Dalle

2b~UNs
1Uuv!)

i 51

Ns

)
j 51

ms

@11a~r i j !# D
a~r50!

F̄ i , j~r1a ,r2b!5
d2

da~r1a!da~r2b!
lnS E Dalle

2b~UNs
1Uuv!)

i 51

Ns

)
j 51

ms

@11a~r i j !# D
a~r50!

~A6!

F̄ $ i , j %~r1a ,r1 j !5
d2

da~r1a!da~r1 j !
lnS E Dalle

2b~UNs
1Uuv!)

i 51

Ns

)
j 51

ms

@11a~r i j !# DU
a~r50!

,

whereUuv is the sum of the solute–solvent interaction. The relationship between the distribution function in the prese
that in the absence of the solute is the main concern of this Appendix. We first show in detail how the solvent
distribution functionin the solution F̄i , j (r1a ,r2b) can be related to the quantityin the solvent Fi , j (r1a ,r2b) when bothr1a and
r2b are sufficiently far from the solute. First we manipulateF̄ i , j (r1a ,r2b) as follows:

F̄ i , j~r1a ,r2b!5
d2

da~r1a!da~r2b!
lnS E Dalle

2b~UNs
1Uuv!)

i 51

Ns

)
j 51

ms

@11a~r i j !# D
a~r50!

5e2b@u~r1a!1u~r2b!#
d2

da~r1a!da~r2b!
lnS E Dalle

2bUNs)
i 51

Ns

)
j 51

ms

@11a~r i j !# D
a~r !5 f ~r !

5e2b@u~r1a!1u~r2b!#
d2

da~r1a!da~r2b!

3S (
n51

`

(
$ i 2 ,i 3 ,..,i n%

8

(
j 1

•••(
j n

E dr1 j 1
dr i 2 j 2

•••dr i nj n
a~r1 j 1

!•••a~r i nj n
!F~r1 j 1

,...,r i nj n
!D

a~r !5 f ~r !

. ~A7!

Here( i 2 ,i 3 ,..,i n
8 is defined as follows: First letn1 indicesi 1, i 2, ...V1[ i n1

equal 1 and the nextV2[n22n1 indices equal 2

and so on.Va expresses the number of indeces$ i k% equal toa. The sum is taken over a set of$ i k% under the condition tha
V1>V2>•••VNs

. If V15V2•••5Vk , the factor 1/k! will automatically be multiplied.
Carrying out the above functional derivative leads to

F̄ i , j~r1a ,r2b!5e2b@u~r1a!1u~r2b!#F~r1a ,r2b!1e2b@u~r1a!1u~r2b!#

3 (
n51

`

(
$I 1 ,I 2 ,..,I n%

9

(
j 1

•••(
j n

E dxI 1 j 1
•••dxI nI n

f ~xI 1 j 1
!••• f ~xI nj n

!F~r1a ,r2b ,xI 1 j 1
,...,xi nj n

!. ~A8!

Whenr1a andr2b are far from the solute, thene2b@u(r1a)1u(r2b)#51 holds. And the contribution from the integral part
Eq. ~A8! is confined in the region around the solute, wheref @(x)#s have a nonzero value. So, the two sets of points$r1a ,r2b%
and $x1 j 1

,...,xi nj n
% are far apart and (I k)k51,...nÞ1,2. It is in this condition that the finite volume correction formula

Lebowitz and Percus32 can be used~it is clear from the derivation that it is not limited to the monomer solution!. The set

$I 1 ,...,I n% does not coincide with 1 and 2. At this time(95(8. F̄ i(r1a ,r2b) then becomes

F̄ i~r1a ,r2b!→Fi~r1a ,r2b!1kT
]V

]P

]Fi~r1a ,r2b!

]V

3 (
n51

`

(
$ i 2 ,...ın%

8

(
j 1

•••(
j n

E dx1 j 1
•••dxi nj n

f ~x1 j 1
!••• f ~xi nj n

!
]F~x1 j 1

,...,xi nj n
!

]V

5Fi~r1a ,r2b!2
]V

]P

]m*

]V

]Fi~r1a ,r2b!

]V
, ~A9!
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where the last line comes from the cluster expansion form
the chemical potential. Manipulating partial derivatives
the last line leads to the conclusion

F̄ i~r1a ,r2b!→Fi~r1a ,r2b!2DV
]Fi~r1a ,r2b!

]V
. ~A10!

This is in the same form as in the case of monomer solve
Repeating the same procedure we obtain similar results
n

o
in
e

rg

ist

a
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other Ursell function, and simple tedious calculation leads
a relation the same as Eq.~15!.

3. The case of chain molecular solutes

Here we give, under the assumption that the solvat
shell formalism of the soft contributionm̃soft5msoft

2PsoftDV holds even for the chain molecular solutes, t
noncompensating hard contribution for the hard term
chain molecular solutes composed ofma subunits. Repeating
the similar procedure as before, we obtain
m̃hard5ma,FHS2PFHSDV

5kTmaS Ra

Rs
D 2S 3

2

h~h12!

~12h!2
2

ms21

ms

3h

2~12h!~12 1
2h!1 1

4h
2D

1kTmaS Ra

Rs
D 3h

12h
2kT ln~12h!2kT~ma21!ln gaa

HS

2kTh

11h1h2

~12h!3
2

ms21

ms

11h1 1
4h

2

~12h!~12 1
2h1 1

4h
2!

~114h14h2!2
ms21

ms
~12h!2

112h2 3
2h

21 1
4h

31 7
16 h4

~12 1
2h1 1

4h
2!2

3F maS Ra

Rs
D 2S 3~112h!~12h!2

ms21

ms

~12h!2~ 3
22 9

8h
21 3

4h
3!

~12 1
2h1 1

4h
2!2 D 1maS Ra

Rs
D3~12h!2

1~12h!3S 12~ma21!

2~12h!213S Ra

Rs
D ~11h!~12h!1

3

2S Ra

Rs
D 2

h~21h!

2~12h!213S Ra

Rs
Dh~12h!1

3

2S Ra

Rs
D 2

h2
D G . ~A11!
B.
As before,m̃a,FHS is composed of surface and curvature co
tributions.
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